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Topics

• Sampling Distribution

• Hypothesis testing: one sample

• Hypothesis testing: two samples

• Completely Randomized Design: single factor (ANOVA F-test)



Sampling distribution

Suppose that we want to select a sample of n objects from a population of N objects. A
random sample is selected such that every object has an equal probability of being
selected and the objects are selected independently – the selection of one object does
not change the probability of selecting any other objects.

Consider a random sample selected from a population that is used to make an inference
about some population characteristic, such as the population mean, μ, using a sample
statistic, such as the sample mean, ҧ𝑥. The inference is based on the realisation that
every random sample has a different number for ҧ𝑥, and thus, ҧ𝑥 is a random variable.
The sampling distribution of the sample mean is the probability distribution of the
sample means obtained from all possible samples of the same number of observations
drawn from the population.



Sampling distribution
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This table is the sampling distribution of the sample mean.

Sampling distribution

Sample mean ഥ𝒙 Probability of ഥ𝒙

3 1/15

4 2/15

4.5 1/15

5 3/15

5.5 1/15

6 2/15

6.5 2/15

7 2/15

7.5 1/15

n = 2
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Sampling distribution



Sampling distribution

Sample ഥ𝒙 Probability

2, 4, 6, 6, 7 5 1/6

2, 4, 6, 6, 8 5.2 1/6

2, 4, 6, 7, 8 5.4 2/6

2, 6, 6, 7, 8 5.8 1/6

4, 6, 6, 7, 8 6.2 1/6

n = 5
2  4  6  6  7  8



Let the random variables 𝑋1, 𝑋2, … , 𝑋𝑚denote a random sample 
from a population. 

ത𝑋 is a random variable values of which are given by sample 
means ҧ𝑥 of random samples 𝑋1, 𝑋2, … , 𝑋𝑚.

Sampling distribution

𝐸 ത𝑋 = 𝜇

The mean of the sampling distribution of the sample means is 
the population mean.



Sampling distribution

Sample ഥ𝒙 Probability

2, 4, 6, 6, 7 5 1/6

2, 4, 6, 6, 8 5.2 1/6

2, 4, 6, 7, 8 5.4 2/6

2, 6, 6, 7, 8 5.8 1/6

4, 6, 6, 7, 8 6.2 1/6

n = 5

𝐸 𝑋 =
5 + 5.2 + 5.4 + 5.4 + 5.8 + 6.2

6
= 5.5 = 𝜇



Let the random variables 𝑋1, 𝑋2, … , 𝑋𝑛denote a random sample 
from a population. 

ത𝑋 is a random variable values of which are given by sample 
means ҧ𝑥 of random samples 𝑋1, 𝑋2, … , 𝑋𝑛.

Sampling distribution

𝐸 ത𝑋 = 𝜇

The mean of the sampling distribution of the sample means is 
the population mean.

The corresponding standard deviation, called standard error of 
the mean ത𝑋 (STEM), is given by the following: 

𝜎 ത𝑋 =
𝜎

𝑛
These features of the sampling distribution hold as long as samples 
of n random and independent observations are repeatedly and 
independently drawn from a population, and the number of 
samples become very large.   



If the population has a normal distribution, the sampling distribution 
of the sample means also has a normal distribution.

Central Limit Theorem

Regardless of the population distribution, as n becomes large 
𝑛 ≥ 30 , the sampling distribution of the sample means approaches 

a normal distribution.

Law of Large Numbers

Regardless of the population distribution, as n becomes large 
𝑛 ≥ 30 , the sample mean will approach the population mean.

When the sample size n is a small proportion of the population size N, 
the expected value of the sample variance is equal to the population 
variance:

Sampling distribution

𝐸 𝑠2 = 𝜎2



Hypothesis testing: theory 

Null hypothesis (H0): a hypothesis about the specific 
values of one or more population parameters. The 
hypothesis generally represents the status quo, which 
we adopt until it is proven false. The hypothesis is 
always stated as 

H0: parameter=value

Alternative hypothesis (Ha): a hypothesis that 
contradicts the null hypothesis. The hypothesis 
generally represents that which we will adopt only 
when sufficient evidence exists to establish its truth.



Example 1

Suppose building specifications in a certain city require 
that the average breaking strength of residential sewer 
pipe be more than 2,400 pounds per foot of length. 
Each manufacturer who wants to sell pipe in this city 
must demonstrate that its product meets the 
specification.

Hypothesis testing: one-tail test 



Hypothesis testing: one-tail test 
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𝑧 = 2.12



Hypothesis testing: one-tail test 

𝑧 =
ҧ𝑥 − 𝜇0

ൗ
𝑠

𝑛

=
2,460 − 2,400

ൗ200
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=
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28.28
= 2.12

x

f(x)

𝐻0: 𝜇 = 2,400

𝐻𝑎: 𝜇 > 2,400

𝜇0
0

ҧ𝑥

α = 0.05

Reject H0

ҧ𝑥 = 2,460

𝑠 = 200

𝑛 = 50

2,400 2,460

2.12

0.4830
p-value (sig.) = 0.5-0.4830 = 0.017

p-value < α



Example 2

A manufacturer of cereal wants to test the 
performance of one of its filling machines. The machine 
is designed to discharge a mean amount of 12 ounces 
per box, and the manufacturer wants to detect any 
departure from this setting. This quality study calls for 
randomly sampling 100 boxes from today’s production 
run and determining whether the mean fill for the run 
is 12 ounces per box. 

Hypothesis testing: two-tail test



Hypothesis testing: two-tail test

𝑧 =
ҧ𝑥 − 𝜇0
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Hypothesis testing: two-tail test

𝑧 =
ҧ𝑥 − 𝜇0

ൗ
𝑠

𝑛

=
11.85 − 12

ൗ0.5
100

=
−0.15

0.05
= −3.0

x

f(x)

𝐻0: 𝜇 = 12

𝐻𝑎: 𝜇 ≠ 12

𝜇0

0

𝑧𝑧

ҧ𝑥 = 11.85

𝑠 = 0.5

𝑛 = 100

12

−3.0

α = 0.05

11.85

Reject H0

0.4987
p-value (sig.) = 0.5-0.4987 = 0.0013

p-value < α



Hypothesis testing - one sample: practice
Refer to the Journal of Statistics Education data on diamond saved in 
the DIAMOND file. The file contains data of a random sample of 308 
diamonds found the mean and standard deviation of the number of 
carats per diamond for the sample. Let 𝜇 represent the mean number 
of carats in the population. Suppose you want to test 𝐻0: 𝜇 = 0.6
against 𝐻𝑎: 𝜇 > 0.6.

• Use a statistical software package Stata to find the p-value of the test.

• Compare the p-value to 𝛼 = 0.05 and make the appropriate 
conclusion

• Compare the p-value to 𝛼 = 0.10 and make the appropriate 
conclusion. 

• What do the results suggest about the choice of 𝛼 in a test of 
hypothesis?



Independent samples

Example

In early 2000s, the United States and Japan have 
engaged in intense negotiations regarding restrictions 
on trade between two countries. One of the claims 
made repeatedly by US officials is that many Japanese 
manufacturers price their goods higher in Japan than in 
the United States, in effect subsidizing low prices in the 
United States by extremely high prices in Japan. You 
have to test whether this claim is true.   



Independent samples
Independent random samples of retail sales in the United States and
in Japan over the same time period and for the same model of
automobile. The Japanese sales prices were converted from yen to
dollars using current conversion rates.

United States: sample 1 Japan: sample 2

𝑥1 = 16,596

𝑠1 = 1,981

𝑛1 = 50

𝑥2 = 17,250

𝑠2 = 1,865

𝑛2 = 30

Hypotheses

𝐻0: (𝜇1 − 𝜇2) = 0

𝐻𝑎: 𝜇1 − 𝜇2 < 0



Independent samples 

𝑧 =
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𝑧 = −1.48



Independent samples 

𝑧 =
𝑥1 − 𝑥2 − 0
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Independent samples

The test is valid if:

• The two samples are randomly selected in an 
independent manner from two target populations.

• The sample sizes, 𝑛1and 𝑛2, are both large (i.e., 𝑛1 ≥
30 and 𝑛2 ≥ 30).

What if these conditions are violated:

• Test for paired samples

• t-test for small samples 



Many psychologists believe that knowledge of a student’s relationship with 
his or her parents can be useful in predicting the students’ future 
interpersonal relationships both on the job and in private life. Researchers at 
the University of South Alabama compared attitudes of male and female 
students toward their fathers (Journal of Genetic Psychology, March 1998). 
Using a five-point Likert-type scale, they asked each group to complete the 
following statement: My relationship with my father can best be described as 
(1) Awful! (2) Poor, (3) Average, (4) Good, or (5) Great! The data are listed in 
the file FATHER. 

• Using Stata establish if male students tend to have better relationships, on 
average, with their fathers than female students. Conduct the appropriate 
hypothesis test using 𝛼 = 0.01. (for testing use variable ‘gender’ with 
numeric codes for gender categories: female=1, male=2)

Hypothesis testing - two samples: practice



Paired samples

Example 1.

You work as a manager of a restaurant. You want to 
compare performance of your restaurant to that of 
your competitor. You record the restaurants’ total sales 
for each of 12 randomly selected days during a six-
month period. Test whether the data provide evidence 
of a difference between the mean daily sales of the two 
restaurants.    



Paired samples



Note that:

• Samples are not independent

• Samples are small

Therefore we should use t-test for paired samples

Paired samples



Paired samples

𝑑 = 82

𝑠𝑑 = 32



Paired samples

x

f(x)

0

α = 0.05

𝐻0: 𝜇𝑑 = 0 [𝑖. 𝑒. (𝜇1 − 𝜇2) = 0]

𝐻𝑎: 𝜇𝑑 ≠ 0 [𝑖. 𝑒. 𝜇1 − 𝜇2 ≠ 0]

t-distribution

𝑡 =
𝑑 − 0

Τ𝑠𝑑 𝑛

Test statistic

where 𝑑 = 𝑠𝑎𝑚𝑝𝑙𝑒 𝑚𝑒𝑎𝑛 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒

𝑠𝑑 = 𝑠𝑎𝑚𝑝𝑙𝑒 𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒𝑠

𝑛𝑑 = 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒𝑠 = 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑎𝑖𝑟𝑠

𝑡 =
82 − 0

Τ32 12
=

82

9.238
= 8.88

0.0250.025



d.f. = (n – 1) 

d.f. = 12 – 1 = 11 



Paired samples

x

f(x)

0 2.201
α = 0.05

Reject H0

p-value < α

𝐻0: 𝜇𝑑 = 0 [𝑖. 𝑒. (𝜇1 − 𝜇2) = 0]

𝐻𝑎: 𝜇𝑑 ≠ 0 [𝑖. 𝑒. 𝜇1 − 𝜇2 ≠ 0]

t-distribution

𝑡 =
𝑑 − 0

Τ𝑠𝑑 𝑛

Test statistic

where 𝑑 = 𝑠𝑎𝑚𝑝𝑙𝑒 𝑚𝑒𝑎𝑛 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒

𝑠𝑑 = 𝑠𝑎𝑚𝑝𝑙𝑒 𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒𝑠

𝑛𝑑 = 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒𝑠 = 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑎𝑖𝑟𝑠

𝑡 =
82 − 0

Τ32 12
=

82

9.238
= 8.88

0.0250.025


